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This  paper presents  a technique f o r  inves t iga t ing  the  s t a b i l i t y  and damping 
present i n  c e n t r a l l y  preloaded r a d i a l l y  symmetric multi-mass f l e x i b l e  r o t o r  bea2'hg 
systems. In  general ,  one needs t o  f ind  t h e  eigenvalues of t h e  l i nea r i zed  pertur- 
bat ion equations,  though zero frequency s t a b i l i t y  maps may be  found by solving as 
many simultaneous non-linear equations as t h e r e  are dampers; 
s i n g l e  damper, such maps may be found d i r e c t l y ,  regardless  of t h e  number of degrees 
of freedom. 
freedom f l e x i b l e  r o t o r  with an unpressurized damper. 
zero frequency s t a b i l i t y  maps are l i k e l y  t o  prove t o  be a simple way t o  de l inea te  
mult iple  so lu t ion  p o s s i b i l i t i e s ,  they do not  provide f u l l  s t a b i l i t y  information. 
Further,  pa r t i cu la r ly  f o r  low bearing parameters, t he  introduct ion of an unpressur- 
ized squeeze f i lm  damper may promote i n s t a b i l i t y  i n  an otherwise s t a b l e  system. 
and i n  the  case of a 
The technique is  i l l u s t r a t e d  f o r  a simple symmetric four  degree of 
This example shows t h a t  whereas 
INTRODUCTION 
The use of c e n t r a l l y  preloaded squeeze f i lm  dampers f o r  t h e  a t tenuat ion  of t h e  
unbalance response i n  turbomachinery has  been w e l l  documented, and so lu t ion  tech- 
niques which enable a l l  equi l ibr ium operation p o s s i b i l i t i e s  t o  be  conveniently por- 
trayed f o r  general  multi-degree of freedom r o t o r  bearing systems are increasingly 
ava i l ab le  ( r e f s .  1, 2 ) .  However, t he  question as t o  which of these  equilibrium 
so lu t ions  is s t a b l e  has not  been as f u l l y  addressed. Indeed, earlier s t a b i l i t y  
inves t iga t ions  f o r  simpler squeeze f i l m  damped f l e x i b l e  r o t o r s  ( re f .  3) showed t h a t  
i n s t a b i l i t y  ( i n  the l i n e a r  sense) was indeed poss ib le  wi th  unpressurized dampers 
below and above the  f i r s t  pin pin c r i t i ca l  speed, though no i n s t a b i l i t y  w a s  noted f o r  
pressurized dampers wi th  r e t a i n e r  spr ings.  
accommodate the  inf luence  of gyroscopic e f f e c t s ,  non-rigid bearing mounts and super- 
cri t ical  operat ion on s t a b i l i t y  needs t o  be b e t t e r  quant i f ied .  Hence, i t  is the 
purpose of t h i s  paper t o  present  a s t ra ightforward but  general  technique f o r  inves t i -  
ga t ing  t h e  s t a b i l i t y  and degree of damping present  i n  general  multi-mass f l e x i b l e  
r o t o r  bear ing systems incorporat ing one o r  more cen t r a l ly  preloaded squeeze f i lm  
dampers. The technique w i l l  be i l l u s t r a t e d  f o r  a simple symmetric four  degree of 
freedom f l e x i b l e  ro to r .  
The u t i l i t y  of squeeze f i l m  dampers t o  
SYMBOLS 
A 
A,B square matrices defined by C = T-'CT* 
C* matrix defined by equation (18) 
C l  = c l / C ( m l  +m,)wl  
equations '(27) and (28) 
C r a d i a l  c learance of damper 
C matrix of viscous damping and viscous damping of d i s c  i n  
f i g u r e  3 
gyroscopic coe f f i c i en t s  2Cl 
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Crs, etc. = Q ~ ~ ~ / C ( m , + m , ) w l ,  etc. 
e i  r o t a t i n g  frames respec t ive ly  
Ps, PR matr ix  of damper s t i f f n e s s  
coe f f i c i en t s  i n  s t a t iona ry  and e c c e n t r i c i t y  of ith damper; 
i=l,. . . ,m 
’Si j 9’Ri j elements of Ps and PR defined 
by equations (7) and (20) 
respec t ive ly  
matr ix  of damper damping coef- 
f i c i e n t s  i n  s t a t iona ry  and 
r o t a t i n g  frames respec t ive ly  
F1,2 unbalance exc i t a t ion  fo rces  
F_s, 5 
defined by equation (31) 
Vectors of system exc i t a t ion  
s t a t i o n a r y  and r o t a t i n g  frames 
respec t ive ly  
vec tors  of per turbated system 
exc i t a t ion  and hydrodynamic 
forces  i n  s t a t iona ry  and 
and hydrodynamic forces  i n  Q s p  QR 
Qsij ,QR,.  elements of Q and QR defined 
lJ by equations 98) and (21) 6xs, 6% 
respec t ive ly  
r o t a t i n g  frames respec t ive ly  R rad ius  of damper journa l  
Fsi, P R ~  elements of Fs and FR - 
respect ively;  i=l ,..., n 
i subscr ip t  (omitted where 
j 
K system s t i f f n e s s  matrix 
K* matrix defined by equation (19) 
meaning i s  clear) 
subscr ip t  o r  fl depending on 
context 
s, R subsc r ip t s  den0 t ing  s t a t iona ry  
(XYZ) and r o t a t i n g  (xyZ) 
frames respec t ive ly  
degrees of freedom x g  and x4 
respec t ive ly  
T transformation matr ix  defined 
by equation (11) 
T* matrix defined by equations 
(A4) t o  (A6) * 
t r ea1 t i m e  
r ,  s subsc r ip t s  denoting damper 
L 
I system mass matr ix  
P = T”=* 
kl r o t o r  s t i f f n e s s  i n  f i g u r e  3 U uribalance parameter 
k, r e t a i n e r  spr ing s t i f f n e s s  i n  = plml /C(ml  +m2)C1 
f i g u r e  3 u state vec tor  defined by 
equation (26) damper length 
XYZ, x y Z  s t a t iona ry  and r o t a t i n g  
Cartesian reference frames 
respec t ive ly  
= m / C m l + m 2 1  59 5 system displacement vec tor  i n  
s t a t iona ry  and r o t a t i n g  frames 
respec t ive ly  s t a t i o n s  o r  some character-  
ist ic system mass & Eo system steady state displace- 
m e r i t  vec tor  i n  s t a t iona ry  and 
r o t a t i n g  frames respec t ive ly  matr ix  defined by equation 
(All)  
M1,‘ 1 9 2  
m number of hydrodynamic damper 
m 
6X, 6x perturbed system displacement - -  
vector  i n  the  s t a t iona ry  and 
(A121 r o t a t i n g  frames respec t ive ly  
elements of X o r  5 lumped mass of d i s c  i n  f i g u r e  3 
lumped mass a t  bear ing s t a t i o n s  
i n  f i g u r e  3 
phase d i f fe rence  between ith 
lumped mass and t h e  s t a t iona ry  
frame as defined i n  f i g u r e  2 freedom (necessar i ly  even) 
llii matrix defined by equation 
2% 
m2 xl, etc. = xl/C, etc. 
Xi, xi - 








damper eccen t r i c i ty  r a t i o  = e / C  
damping r a t i o  a t  r o t o r  mid-span 
i n  f i g u r e  3 = cl/(2mlwc) 
eigenvector of t h e  perturbed 
system as defined by equation 
transformation matrix as 
defined by equation (12) 
matrix defined by equation (A5) 
sys  t e m  eigenvalue 
lub r i can t  v i scos i ty  
d i s c  mass e c c e n t r i c i t y  i n  
f igu re  3 
non-dimensional t i m e ' =  u t  
angle between axes OX and Ox 
as defined i n  f i g u r e  2 
eigenvector of t h e  perturbed 






system as defined by equation 
(22) 
Phase d i f fe rence  between 
r o t a t i n g  and s t a t iona ry  frames 
as defined i n  f i g u r e  2 
n a t u r a l  frequency a t  s t a b i l i t y  
threshold 
r o t o r  speed 
a c h a r a c t e r i s t i c  s s t e m  
frequency = d i n  f igu re  3 
a bearing parameter 
= ~ J R L ~ / c ( ~ , + ~ ~ ) c ~ I  i n  f i g u r e  3 
= ik2/(ml +m2) 
den0 tes d i f f e r e n t i a t i o n  with 
respec t  t o  t i m e  t 
denotes d i f f e r e n t i a t i o n  wi th  
respec t  t o  t i m e  T 
THEORY 
Figure 1 dep ic t s  a general  n degree of freedom r o t o r  bear ing system incorpor- 
a t i n g  one o r  more squeeze f i lm  dampers. For the  system, t h e  equations of motion, i n  
f ixed  Cartesian co-ordinates, may be wr i t t en  as: 
Assuming (i) a x i a l l y  symmetric r o t o r  and foundation s t i f f n e s s e s ,  ( i i )  viscous 
damping, (iii) c e n t r a l  preloading of t h e  hydrodynamic dampers, ( iv )  synchronous 
unbalance exc i t a t ion ,  (v) neg l ig ib l e  to r s iona l  and axial v ibra t ion ,  one can obta in  
c i r c u l a r  synchronous so lu t ions  & t o  equation (1) as explained i n  re ference  2, i.e. 
@o +cg + %  = gS(gO,&-J (2) 
Note t h a t  & is a funct ion of t i m e .  
state so lu t ions  X, t h a t  is of i n t e r e s t .  
It is the  degree of s t a b i l i t y  of these  steady 
- 
I f  the  s teady state so lu t ion  II, is perturbed by 6g t o  g, whereupon 
changes t o  gs(g,k), i.e. i f :  
g = g 0 + s g ,  (3) 
M6X - + C6i - + K6X - = 6gS , ( 4) 
6:s = - gsa0,io) (5) 
then subs t i t u t ion  of equation (3) i n  equation (1) u t i l i z i n g  equation (2) y ie lds :  




Figure 1 Typical multimass f l e x i b l e  ro to r  running i n  damped f l e x i b l e  supports 
and where 
and 
Thus, neglect ing higher order  terms, equation ( 4 )  
(8 )  
may a l s o  be  wr i t t en  as: 
MdX - + (C-Q,)d? - + (K-PS)6g = 0 . (9) 
The exis tence of t he  par t ia l  der iva t ives  is  assumed and they are evaluated a t  go,io, 
Unfortunately, t h e  elements of Qs and Ps, involving der iva t ives  of damper 
forces ,  are i n  general  t i m e  dependent, so t h a t  equations (9) do not  reduce t o  an 
eigenvalue problem. To overcome t h i s  d i f f i c u l t y ,  one may choose a r o t a t i n g  Cartesian 
reference frame (x,y.,Z) wherein the  Cartesian ax i s  p a i r  (x,y) r o t a t e s  with- angular 
ve loc i ty  w about t he  Z a x i s  as shown i n  f igu re  1. be t h e  vector  of displace- 
ments i n  the r o t a t i n g  frame, then: 
I f  
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Figure 2 Location of damper mass m i  i n  f ixed  and r o t a t i n g  reference frames 
where f o r  an n degree of freedom system (n even), t he  transformation matr ix  'E i s  
given by: 
with equal 2x2 diagonal submatrices A, where: 
cos + -s in  + 
A =  (12) 
[ s i n +  c p + ]  3 
and + = a t + $  (13) 
Note t h a t  9, t he  angular displacement of t h e  xy axes from the  XY a x i s  a t  t i m e  t-0 is 
a r b i t r a r y .  
i.e.: 
Premultiplying equation (1) by T'I gives forces  i n  the  ro t a t ing  frame, 
Hence, as shown i n  the  Appendix, s u b s t i t u t i o n  of equation (10) i n t o  equation 
(14) yields:  
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I f  xo be the  steady state so lu t ions  of equation (15), then following t h e  same 
arguments as above f o r  t he  s t a t iona ry  frame, t h e  equations of motion consequent upon 
system perturbat ion 65, become: 
o r  
where 
and = - *  QRi  j a i  
Again, t h e  PR 
t h a t  go = - 0.) 
and the  Q R ~ ~  are assumed t o  e x i s t  and are evaluated a t  zo. (Note i j  
I n  general ,  t h e  steady state damper e c c e n t r i c i t i e s  e i  w i l l  have constant  phase 
Hence, the elements 
By se l ec t ing  
angles  (yi-+) with respec t  t o  the x axis, as shown i n  f igu re  2. 
of PR and QR w i l l  be  funct ions of e i  and (y i -w) ,  where II, i s  a r b i t r a r y .  
II, equal  t o  one of t he  yi 's  (say y l ) ,  PR and QR w i l l ,  i n  t he  general  case of m 
dampers, be funct ions of (2m - 1) q u a n t i t i e s  el,e2,. . . ,%, y2-y1 ,y3-y1,. . . ,ym-yl. 
i.e. independent of t i m e ,  s o  one is i G e d i a t e l y  ii a pos i t i on  t o  inves t iga t e  the  
s t a b i l i t y  and t h e  damping per ta in ing  t o  the equi l ibr ium so lu t ions  zo by examining the  
so lu t ions  of equation (17), a set of n homogeneous second order l i n e a r  d i f f e r e n t i a l  
equations with constant  coe f f i c i en t s .  
Note t h a t  the  coe f f i c i en t s  of 6%, 6; and 6x i n  equation (17) are constants,  
TEzus, by assuming so lu t ions  of t he  form: 
6x - = XeAt , 
where the  I( and A may be  complex, non- t r iv ia l  so lu t ions  of equation (17) e x i s t ,  i f ,  
and only i f :  
det[A2M + AC* +K*l = 0 . (23) 
Equation (23), t h e  c h a r a c t e r i s t i c  equation of t h e  perturbed system, is a poly- 
nomial of degree 2n i n  A. The s t a b i l i t y  of ,  and t h e  damping per ta in ing  t o  the  
equilibrium so lu t ions  zo depend on t h e  real  p a r t s  of t h e  roo t s  of equation (23) with 
t h e  s t a b i l i t y  threshold being determined by t h a t  combination of system parameters 
which r e s u l t  i n  any p a i r  of roots ,  A I y 2  = k j R ,  where R is  t h e  n a t u r a l  frequency a t  the  
s t a b i l i t y  threshold.  
t o  R=O ( i . e .  = k j O )  w i l l  occur whenever: 
Note t h a t  one such possible  s t a b i l i t y  threshold corresponding 
detCK*l = 0 . (24) 
I f  s t a b i l i t y  threshold determinations w e r e  the  s o l e  requirement, one could 
dispense with t h e  need t o  f ind  t h e  roo t s  A I ,  ..., AZn and apply a l i n e a r  systems theory 
technique, e.g. Routh's Cr i te r ion ,  t o  the coe f f i c i en t s  of equation (23). Such w a s  
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the procedure adopted i n  reference 3. 
needs t o  r e so r t  i n  general t o  some numerical procedure f 
If the degree of 
An a l t e rna t ive  and numerically f a r  more s - 
ming e f f o r t  i s  concerned, is t o  u t i l i z e  
procedures, by recasting equations (17) 
normal procedure is t o  transform these n second order d i f f e r e n t i a l  equations in to  the 
2n f i r s t  order equations (see f o r  example reference 4): 
where 
A = [: :*1. 
and 
By assuming solutions of the  form: 
A t  g = p  , 
where the 9 and X may be complex, non-trivial solutions of equation (23) e x i s t  i f ,  
and only i f :  
detCAA + B 1  = 0 . (30) 
Equation (30) is a polynomial of degree 2n i n  A. It i s  equivalent t o  the  
charac te r i s t ic  equation (23). The 2n values of X, t h e  roots of the  charac te r i s t ic  
equation, are in  t h i s  formulation more commonly referred t o  as eigenvalues. 
2n eigenvalues have been located f o r  a given choice of system parameters, both the  
s t a b i l i t y  and the  degree of damping present can be quantified. 
Once the  
SYSTEM WITH ONE DAMPER 
So f a r  t he  problem formulation has been qui re  general. I f  one restricts 
a t ten t ion  t o  a s ingle  damper, an important simplification occurs i f  I/J is set equal t o  
yl, whereupon the elements of PR and % i n  equations (16) are functions of el only. 
Thus, t he  need t o  evaluate y1 is avoided, thereby simplifying s t a b i l i t y  evaluation 
and design da ta  portrayal. 
design study purposes, i t  is  convenient t o  non-dimensionalize equations 
iding the  force equations by mcW2 and the moment equations by mC2w2 and 
introducing the non-dimensional t i m e  ‘C=ut. 
except a l l  quant i t ies  are now non-dimensf-onal. 
equation (24) immediately t o  find those s t a b i l i t y  thresholds which pertain to zero 
The above theory is otherwise unchanged, 
In par t icu lar ,  one can u t i l i z e  
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n a t u r a l  frequency. 
matrix, t h e  elements of which are products of q,/w and funct ions of &, where q, is a 
bearing parameter involving the  bearing dimensions and lub r i can t  v i scos i ty .  Thus, 
whereas equation (24) is  a non-linear equation i n  E, and f o r  a given %, could be 
solved i t e r a t i v e l y  by-some appropriate  technique such as t h e  search procedure, one 
may note  t h a t  f o r  some assumed E but  unspecified 6, t h i s  equation is a 
when t h e  damper is  f l e x i b l y  supported, and a quadra t ic  i n  q, when t h e  damper is  
r i g i d l y  supported. Hence one can determine d i r e c t l y  from equation (24) t h e  physical- 
l y  meaningful values  of wb ( i f  any) which s a t i s f y  it. A r e p e t i t i o n  of t h i s  f o r  o ther  
values  of w would enable t h e  s t a b i l i t y  thresholds  corresponding t o  zero n a t u r a l  
frequency and var ious values  of E t o  be drawn on a design map with q, as ord ina te  and 
w as abscissa .  
Note t h a t  t h e  non-zero elements of PR are loca ted  i n  a 2x2 sub- 
Note t h a t  such a map is  possible  regard less  of t he  number of degrees of f ree-  
dom, o r  of t he  unbalance d i s t r ibu t ion .  
l y  superimposed on the  corresponding equi l ibr ium o r b i t  eccen t r i c i ty  design maps i n  
reference 2, thereby ind ica t ing  at a glance,  the l ikel ihood of operat ion i n  the  
v i c i n i t y  o f ,  o r  within,  t h i s  p a r t i c u l a r  type of unstable  region. Note t h a t  t h e  
absence of o ther  s t a b i l i t y  thresholds  (a t  some non-zero n a t u r a l  frequency) has  not  
been proven, and t o  be  s u r e  t h a t  a l l  s t a b i l i t y  regions have been located,  one would 
need t o  apply a more general  technique, e.g. Routh's Cr i te r ion ,  t o  equation (23) over 
t h e  range of O < & < l ,  f o r  t h e  range of values  of b+, and w of i n t e r e s t ,  a r a t h e r  
daunting t a sk  even f o r  systems with only four  degrees of freedom. 
I f  drawn t o  the  same scale, it can be  d i rec t -  
ILLUSTRATIVE EXAMPLE 
The u t i l i t y  of the  above approach w i l l  b e  i l l u s t r a t e d  f o r  t he  s ing le  d i s c  
symmetric f l e x i b l e  r o t o r ,  previously inves t iga ted  f o r  s t a b i l i t y  i n  reference 3 and 
f o r  which equilibrium so lu t ions  are avaf lab le  i n  reference 2. 
Figure 3 is a diagram of t h i s  system with node 1 being taken a t  the  c e n t r a l  
d i s c  of mass 2ml, and nodes 2 and 3 a t  t h e  ends of the  r o t o r  which are supported by 
i d e n t i c a l  squeeze f i l m  dampers. The lumped mass a t  the  bear ing ends is m,, t h e  
r e t a i n e r  spr ing  f o r  c e n t r a l  preloading has s t i f f n e s s  k, and t h e  r o t o r  s t i f f n e s s  
between t h e  c e n t r a l  and e i t h e r  end node is k,. A l l  unbalance is assumed t o  be a t  the 
d i s c ,  r e su l t i ng  i n  a d i s c  m a s s  e c c e n t r i c i t y  p l .  Viscous damping a t  t h e  d i s c  is 2c1. 
Since t h e  ro to r  i s  symmetric about t h e  d i sc ,  i t  w i l l  s u f f i c e  t o  consider one ha l f  of 
the  system only. The equations of motion, appropriately ordered, f o r  this systefn a t  
a r o t o r  speed w are given by: 
1 mlXl + clkl + k,(X, - X,) = p,m,w2cos(wt) - F, 
I mlX, + clk, + k,(X2 - X4) = plm,w2sin(wt) = F, 
m2X3 + k , ( X ,  - X1) + k2X3 
m,X4 + k,(X, - X,) + k2X4 
F3 
?he equations of motion f o r  t h e  perturbed system are given by equations (16) ,  
which, i n  nondimensional form, upon dividing each equation by (m,+m,)CW2 and l e t t i n g  
1: =at, become: 
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xg= x4 
Y Y  t !t \I " 
Figure 3 Flexib le ,  symmetric unbalanced r o t o r  supported on i d e n t i c a l  
squeeze f i lm  dampers and retainer spr ings  
- 
Kl-Ml -C1 -K1 0 
'Kl C l  0 K,+Kz-M2*bq-/@ 0 -O%s -K1 /* j 1"1 = o ,  - (32) 
0 -5 - W b K s r / W  KI+K2-M2-%Kss/W 
I 
where, t o  s implify the  nota t ion ,  t h e  damper degrees of freedom x3 and xq are denoted 
by r and s respec t ive ly .  The coe f f i c i en t s  hr, Crr, ..., etc. are ava i l ab le  i n  
a n a l y t i c a l  form f o r  unpressurized and f u l l y  pressurized (IT and  IT f i lm) dampers f o r  
both t h e  s h o r t  (Ocvirk) and f i n i t e  width (Warner) bear ing approximations ( r e f .  2). 
Thus, f o r  the unpressurized o r  f u l l y  pressurized bear ings respec t ive ly ,  and using t h e  
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shor t  bearing approximation, one has: 
4&(1 + E,) 
%r = - (1 - E2)3 o r  0 , (33) 
The equation obtained by s e t t i n g  the  determinant of IC* i n  equation (32) equal  
t o  zero is a quadra t ic  i n  4, and may b e  solved f o r  given values  of E and w. 
To present  the da ta  i n  terms of non-dimensional q u a n t i t i e s ,  i t  i s  convenient 
t o  p l o t  a non-dimensional bear ing parameter %/wC aga ins t  t he  non-dimensional r o t o r  
speed w/wc, where wc is  some c h a r a c t e r i s t i c  n a t u r a l  frequency of t h e  system, say ,  t h e  
highest  undamped n a t u r a l  frequency of t he  system which w i l l  f a l l  below the  desired 
operat ing speed. Equation (24) w a s  then solved f o r  %/wc over a range of w/wc and E 
t o  ob ta in  t h e  zero n a t u r a l  frequency s t a b i l i t y  threshold maps i f  f i g u r e  4, using the  
following values  of t he  non-dimensional system parameters: 
M, = 0.25 , 
C1 = 25(1 - M2)/(U/UC) = 0 . 0 0 7 5 ) ( ~ / ~ , )  
The q u a n t i t i e s  ur, wc and 5 are defined i n  the  notat ion.  (using the  
notat ion i n  reference 3, t h e  above choice of parameters would correspond t o  a=0 .25 ,  
f = 0 . 5 ,  5=0.0005, a = w / w c  and B=%/uc.) 
speed of the ro to r .  
Here, wc is t h e  f i r s t  pin-pin c r i t i ca l  
Note that provided the  same s c a l e s  are used f o r  the axes %/wC and w/wC, one 
can overlay t h i s  s t a b i l i t y  threshold map n o t  only over t h e  equilibrium eccen t r i c i ty  
o r b i t  map given i n  f i g u r e  3 i n  reference 2 which is f o r  an unbalance parameter Ux0.3, 
bu t  a l s o  over any such map f o r  t h e  system, regard less  of t h e  unbalance d i s t r ibu t ion .  
These zero frequency s t a b i l i t y  thresholds  w e r e  compared t o  the  s t a b i l i t y  thresholds  
f o r  % / w C = O . l ,  0.3, 0.6 and 1.0 i n  f i g u r e  8 of re ference  3, which w e r e  determined 
using Routh's Cri ter ion.  
t he re  is agreement. However, f o r  w / w c > l ,  t h e  predicted regions of i n s t a b i l i t y  i n  
f igu re  8 of reference 3 exceed those of f i g u r e  4. Thus, f i g u r e  4 does no t  provide 
f u l l  s t a b i l i t y  threshold information; 
approach such as Routh's Cri ter ion.  
N o  s t a b i l i t y  thresholds  w e r e  found f o r  ~ G 0 . 6 1 .  For w / w c < l  
and f o r  t h i s ,  one would need t o  r e s o r t  t o  an 
As an a l t e r n a t i v e  o r  i n  addi t ion  t o  seeking s t a b i l i t y  thresholds ,  and t o  
determine the  degree of damping per ta in ing  t o  the  equi l ibr ium so lu t ions ,  one can f ind  
t h e  eigenvalues A i  f o r  the  system i n  f i g u r e  3 by forming equation (25) and using an 
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Figure 4 Zero n a t u r a l  frequency s t a b i l i t y  map f o r  t h e  system i n  f igu re  3 
eigenvalue so lver  t o  determine t h e  Xi @ = I ,  2, ..., 8). ThLs was done f o r  the 
pa r t i cu la r  equilibrium so lu t ions  indicated on f i g u r e  5 (Corresponding t o  f i g u r e  4 i n  
reference 2) .  I f  any of t he  X i  have non-negative real pa r t s ,  t he  so lu t ion  is 
regarded as unstable.  
s tab le .  
s t a b l e  so lu t ions ,  p a r t i c u l a r l y  in  the  low o r b i t  e c c e n t r i c i t y  so lu t ion  d e n  mult iple  
so lu t ions  are possible ,  as t h i s  gives  a q u a l i t a t i v e  ind ica t ion  of t h e  l ikel ihood of 
jumping t o  the undesirable  and possibly unstable  h igh  o r b i t  so lu t ion  upon some system 
perturbat ion.  
such as the  smallest logari thmic decrement, -2nRe(X) / 1 Im(X> 1, o r  the smallest damping 
r a t i o ,  -Re(X) / [XI ,  
The latter quant i ty  1s ind ica ted  f o r  i l l u s t r a t i v e  purposes i n  f igu re  5. For example, 
a t  w/wc - 0 . 3 ,  t h e  damping r a t i o s  corresponding t o  %/wC =0.006, 0.06 and 0 . 3  are 
0.0053, 0.047 and 0.23 respec t ive ly .  
Where a l l  t h e  A i  have negat ive real p a r t s  t he  so lu t ion  is 
Of p a r t i c u l a r  i n t e r e s t  is  the  degree of relative damping present i n  such 
Various m e a n s  of determining t h i s  relative damping are ava i lab le  (ref . 4 )  
Ei ther  of these quan t i t i e s  r equ i r e s the  determination of t he  X i .  
The equi l ibr ium so lu t ion  f o r  wb/wc -0.3 could 
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Figure 5 Damping r a t i o s  a t  se lec ted  poin ts  on the  r o t o r  response curves f o r  
var ious values  of bearing parameter f o r  t h e  system i n  f igu re  3 
be regarded as having a high degree of relative damping whereas t h a t  f o r  Wb/Wc =0.006 
could be regarded as having a low degree of r e l a t i v e  damping. 
Wherever mul t ip le  so lu t ion  p o s s i b i l i t i e s  e x i s t ,  a l l  intermediate  so lu t ions  
w e r e  unstable.  I n  a l l  such cases, t h e  o s c i l l a t i o n  frequency w a s  zero, and the  
i n s t a b i l i t y  w a s  predicted by t h e  s t a b i l i t y  map of f igu re  4 .  However, unstable  
s ing le  so lu t ions  are a l s o  indicated,  as w e l l  as unstable  higher e c c e n t r i c i t y  
so lu t ions  i n  case of mult iple  so lu t ions .  
damper has worsened system behaviour. 
f o r  wb/wc equal t o  0;006 and 0.06 but not f o r  0.3. 
o s c i l l a t i o n  frequency w a s  always non-zero and w a s  not  predicted by t h e  zero frequency 
s t a b i l i t y  map of f igu re  4. 
In  such cases t h e  introduct ion of the 
Such unexpected unstable  so lu t ions  occurred 
I n  a l l  such cases, the  
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This provides add i t iona l  proof t h a t  f rgure  4 does not  provide f u l l  s t a b i l i t y  -
threshold information. The number of equi l ibr ium so lu t ions  inves t iga ted  f o r  
i n s t a b i l i t y  proved i n s u f f i c i e n t  t o  y i e ld  d e f i n i t i v e  t rends  i n  the  va r i a t ion  of 
r e l a t i v e  damping as one progresses along any p a r t i c u l a r  frequency response curve i n  
f igure  5. 
need t o  be undertaken. This i s  not warranted, f o r  t h e  purpose of this example was  
no t  t o  inves t iga te  i n  d e t a i l  the  p a r t i c u l a r  system of f i g u r e  3,  but r a the r  t o  
i l l u s t r a t e  how simply t h e  technique developed i n  the paper may be put t o  p r a c t i c a l  
use. 
To pick up such t rends,  a more thorough inves t iga t ion  of t h e  A i  would 
Note t h a t  although f igu re  4 does not represent  global  s t a b i l i t y  thresholds ,  
it does pred ic t  t he  i n s t a b i l i t y  of a l l  the  "intermediate" so lu t ions  and so,  i t  
serves  as a loca to r  of jump speeds, Le.  speeds a t  which there  is a t r a n s i t i o n  from 
a speed f o r  which there  is only one so lu t ion  t o  one where the re  are at most two 
s t a b l e  so lu t ions  o r  v i ce  versa .  Since t h e  high o r b i t  e c c e n t r i c i t y  so lu t ion ,  i f  
s t a b l e ,  i s  st i l l  undesirable,  general ly  r e su l t i ng  i n  unbalance force  magnification, 
operat ion i n  t h e  v i c i n i t y  of such jump speed regions should be avoided. Though only 
proven f o r  the  model i n  f igu re  3, t h i s  equivalence between the  zero frequency 
s t a b i l i t y  map and jump speed loca t ion  i s  expected t o  be v a l i d  f o r  general  multi- 
degree of freedom systems. I f  so, a r e l a t i v e l y  simple way has been found f o r  
de l inea t ing  mul t i s tab le  operation p o s s i b i l i t i e s  f o r  any system with one damper. 
CONCLUSIONS 
1 .  
2. 
3, 
4 .  
5. 
A technique i s  developed f o r  inves t iga t ing  the  s t a b i l i t y  of and the  
degree of damping i n  t h e  c i r c u l a r  synchronous o r b i t  so lu t ions  of n 
degree of freedom r o t o r  bearing systems. I n  general ,  the  technique 
requi res  f ind ing  the  2n eigenvalues of t h e  l i nea r i zed  per turbat ion 
equations. 
The per turbat ion equations of motion are not a funct ion of the  
unbalance d i s t r i b u t i o n ,  s o  f o r  a given system a s i n g l e  global  
s t a b i l i t y  map s u f f i c e s  f o r  a l l  unbalance d i s t r i b u t i o n s  of i n t e r e s t .  
Zero-frequency s t a b i l i t y  thresholds  may be found by solving as many 
simultaneous non-linear equations as the re  are dampers. I f  t he  system 
contains  one damper only, a l l  such s t a b i l i t y  thresholds  may be found 
d i r e c t l y  by solving a t  most a qua r t i c  equation. 
Zero-frequency s t a b i l i t y  maps do not  provide f u l l  s t a b i l i t y  
information, bu t  f o r  t h e  four  degree of freedom system invest igated 
i n  t h e  i l l u s t r a t i v e  example, and probably f o r  more general  higher 
degree of freedom systems as w e l l ,  such maps provide a simple way t o  
de l inea te  mult iple  so lu t ion  p o s s i b i l i t i e s .  
Depending on t h e  system parameters, s i n g l e  equi l ibr ium and, where 
mul t ip le  equilibrium so lu t ion  p o s s z b i l i t i e s  exist, the high o r b i t  
e c c e n t r i c i t y  so lu t ion  may a l s o  be unstable ,  w i t h  t he  l ikel ihood of 
i n s t a b i l i t y  apparent ly  increasing as the  bear ing parameter is reduced. 
Thus, t h e  in t roduct ion  of an unpressurized squeeze f i lm  damper may 
promote i n s t a b i l i t y  i n  an otherwise s t a b l e  system. 
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X = T x ,  - - 
.. .. 
X = Tx + 25; + T i  , - - - 
I ,  -sin @ -cos@ cos$ -s in@ A* = [ 
it follows t h a t  + = U T * ,  
(A4 ) 




To evaluate T'lMT., it is  convenient t o  p a r t i t i o n  it  i n t o  2x2 submatrices. 
Any one of these  submatrices w i l l  have t h e  form A-lmA, where m is the corresponding 
submatrix of M. 
elements of m are of the form: 
Then it is  easy t o  show t h a t  A - ' d  equals m, i f ,  and only i f ,  the  
Hence, i f  equation (All) i s  s a t i s f i e d  f o r  a l l  submatrices of M, then T-IMT 
Conditions similar t o  equation (All) are required f o r  T-lCT and T-'KC t o  
As may be seen from reference 6 ,  such condi t ions are 
equals M. 
equal G and K respect ively.  
s a t i s f i e d  f o r  M, C and K matrices i n  general ,  even when gyroscopic e f f e c t s  are 
present.  
To evaluate  T-lMT*, i t  i s  again convenient t o  p a r t i t i o n  it i n t o  2x2 sub- 
matrices. 
corresponding submatrix of M. 
equation (All), A"d* w i l l  equal  m where m is given by: 
Any one of these  submatrices w i l l  have the form A - ' d * ,  where m is the 
Hense, not ing that m w i l l  be of t h e  form given by 
A A h 
Thus T-'MT* equals  M, where t h e  2x2 submatrices m of M are formed from t h e  
correspondin submatrice2 
Similar ly  T CT* equals  C. Hence, equation (A8) s impl i f i e s  to :  
m of M according t o  equations (All) and (A12). -K 
Equation (AH) is t h e  equation of motion i n  the  ro t a t ing  frame. Note that t h e  
coe f f i c i en t s  of x, x and are a l l  constants.  - -  - 
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